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Abstract. For < p < oo, the Dirichlet-type space V^_ 1 consists of 
those analytic functions / in the unit disc D such that / D \f'(z)\ p (l — 
\z\y~ 1 dA(z) < oo. Motivated by operator theoretic differences between 
the Hardy space H p and T>t_ x , the integral operator 



T g (f)(z)= / /(C)ff'(OrfC, 





acting from one of these spaces to another is studied. In particular, it 
is shown, on one hand, that T g : T> P I _ 1 — > H p is bounded if and only if 
g e BMOA when < p < 2, and, on the other hand, that this equivalence 
is very far from being true if p > 2. Those symbols g such that T g : T> v p _ x — > 
H q is bounded (or compact) when p < q are also characterized. Moreover, 
the best known sufficient L°°-type condition for a positive Borel measure /i 
on D to be a p-Carleson measures for T> p _ 1 , p > 2, is significantly relaxed, 
and the established result is shown to be sharp in a very strong sense. 



1. Introduction and main results 

Let %(B) denote the algebra of all analytic functions in the unit disc D = 
{z : \z\ < 1} of the complex plane C. Let T be the boundary of D. The 
Carleson square associated with an interval / C T is the set S(I) = {re lt : 
e %t 6 J, 1 — 1 1\ < r < 1}, where \E\ denotes the normalized Lebesgue measure 
of the set E C T. For our purposes it is also convenient to define for each 
a E D \ {0} the interval I a = \e %e : \ &rg(ae~ l9 )\ < 7r(l — |a|)}, and denote 
S(a) = S(I a ). For < p < oo, the Hardy space H p consists of those / G H(D) 
for which 

HP = lim M p (r, f) < oo, 

r— >1~ 
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where 

,2. - 1 



and 



M p (rJ)= (L jj \f(re ie )\vdey , < p < oo, 



M OQ (rJ)= max |/(re ie )|. 



For the theory of the Hardy spaces, see [HJ [TTJ . 

For < p < oo and — 1 < a < oo, the Dirichlet space T> v a consists of those 
feH{B) such that 

y= f \f'{z)ni -\z\ 2 rdA(z) + \f X0)\ p <oo, 
Jo 

where dA(z) = is the normalized Lebesgue area measure on D. 

The purpose of this study is to underscore operator theoretic differences 
between the closely related spaces T v p _ x and H p . Before going to that, it 
is appropriate to recall inclusion relations between these spaces. The classical 
Littlewood-Paley formula implies D\ = H 2 . Moreover, it is well known [T0|ITT] 
that 

(1.1) £>£_i£ # p , 0<p<2, 
and 

(1.2) H p C VP_ U 2<p<oo. 

It is also worth mentioning that there are no inclusion relations between T> v x 
and T>\ q x when p ^ q [13] . 

A natural way to illustrate differences between two given spaces is to consider 
classical operators acting on them. For example, if < p < 2, then the 
behavior of the composition operator C v (f) = f o if reveals that T> p _ 1 is in 
a sense a much smaller space than H p . Namely, it follows from Littlewood's 
subordination theorem that : H p — > H p is bounded for each < p < oo 
and all analytic self-maps ip of D, but in contrast to this, there are symbols ip 
which induce unbounded operators C v : T> P V _ X V v v _ x when < p < 2 [8, 
Theorem 1.1(b)]. As in the case of Hardy spaces, any composition operator 
C v : Pp_x — >■ ^p_i is bounded when 2 < p < oo. 

There are operators which do not distinguish between T>^_ 1 and H p . For a 
given g G "H(D), the generalized Hilbert operator H g is defined by 

(1.3) n g (f)(z)= f f(t)g'(tz)dt, 



for any / G Hip) such that J Q \f(t)\dt < oo. If 1 < p < oo, then H g : 
TP x —7- T p p _ x is bounded (compact) if and only if 'Kg : H p — > T p _ x is bounded 
(compact) by [T2]. Moreover, the same condition, depending on g and p, 
describes the boundedness (compactness) of the operators T-L g : T v v _ x — > H p 
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and ~H g : H p — y H p when 1 < p < 2. As far as we known, the problem of 
characterizing those symbols g for which T-L g : T> v x — y H p and H g : H p —y H p 
are bounded when 2 < p < oo remains unsolved. 

We will next study operator theoretic differences between 1) v x and H p by 
considering the integral operator 



T a {f){z)= [ Z f(09'(0d(, ze 
Jo 



The bilinear operator (/, g) — y J fg' was introduced by Calderon in harmonic 
analysis in the 60's [5]. After his research on commutators of singular integral 
operators, this bilinear form and its different variations, usually called "para- 
products" , have been extensively studied and they have become a fundamental 
tool in harmonic analysis. Pommerenke was probably one of the first complex 
function theorists to consider the operator T g . He used it in late 70 's to study 
the space BMOA, which consists of those functions in the Hardy space H l that 
have bounded mean oscillation on the boundary T [20J. The space BMOA can 
be equipped with several different equivalent norms [IT], here we will use the 
one given by 

j s(a) \gi{ Z )\\l-\z\*)dA{z) 

IMIbmoa = sup 1 — n + ■ 

agB J- — | « | 

Two decades later, in late 90's, the pioneering works by Aleman and Siskakis [2, 
[3] lead to an abundant research activity on the operator T g . In particular, those 
analytic symbols g such that T g : H p — > H q is bounded were characterized by 
Aleman, Cima and Siskakis [H |2]. Their result in the case p = q says that 
T g : H p — y H p is bounded if and only if g G BMOA. Our first result shows 
that whenever < p < 2, the domain space H p can be replaced by T> v x . 

Theorem 1. Let < p < 2 and g G "H(O). Then the following are equivalent: 

(i) T g : T> v x —y H p is bounded; 

(ii) T g : H p -»■ H p is bounded; 
(hi) g G BMOA. 

The implication (ii)=>(i) is a direct consequence of (II. ip . so our contribution 
here consists of showing (i)=^(iii). The proof of the implication (ii)=^(iii) in [U 
[2] relies on several powerful properties of BMOA and H p such as the conformal 
invariance of BMOA. Our proof is based on a circle of ideas developed in [Till 
Chapter 4], and does not rely on these properties. Instead, the Fefferman- Stein 
formula [22J, which states that 

\p ^ t qP(r\ \Af \ _l I f(n\W 
I j 

plays an important role in the reasoning. Here, \d(\ denotes the arclength 
measure on T, Sf denotes the usual square function, also called the Lusin area 



:i-4) \\f\\ p HP ~ / S%C)\d(\ + 1/(0)1 
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function, 

(1.5) S f (()=([ \f(z)\ 2 dA(z)) 12 , (GT, 

where r cr (C) denotes a nontangential approach region (a Stolz angle) with 
vertex at ( and of aperture a. 

We also show that the statement in Theorem [1] drastically fails for p > 2. 
In order to give the precise statement, we will need to fix the notation. The 
disc algebra A is the space of all analytic functions on D which are continuous 
on the boundary T. For < a < 1, the Lipschitz space A(a) consists of those 
g G "H(D), having a non-tangential limit g{e l9 ) almost everywhere on T, such 
that 

|g( e W>)-g(e")| 
sup < oo. 

ee[o,27r],o<t<i t a 

The "little oh" counterpart of this space is denoted by A(a). The following 
chain of strict inclusions is known: 

A(a) C A( a ) C A C H°° C BMOA C B, < a < 1. 

Here, as usual, £> stands for the Block space which consists of those / G H(3) 
such that II/Hb = sup 2eD \f{z)\{l - |^| 2 ) + |/(0)| < oo. 

Theorem 2. Let 2 < p < oo and g G "H(D). 

(i) 7/T 5 : -)■ ^s bounded, then g G BMOA. 

(ii) T/iere exist g E A and f G T) v p _ x such that T g (f) ^ H p . 

Part (ii) shows that T>p_ x is in a sense a much larger space than H p when 
p > 2. This is true because we may choose the inducing symbol g to be as 
smooth as continuous on the boundary, but still a suitably chosen / G T>^_ 1 
establishes T g (f) ^ H p . In contrast to this, when the inducing index of the 
domain space is strictly smaller than the one of the target space, that is p < q, 
then T g does not distinguish between TP x and H p . 

Theorem 3. Let < p < q < oo and g G "H(O). 

(a) If - — - < 1, then the following are equivalent: 

(i) T g : T v v _ x — > H q is bounded; 

(ii) T g : H p -> bounded; 

(iii) j6A(i-j). 

(b) If - — - > 1, inen T g : — )■ i/ 9 bounded if and only if g is 
constant. 

Part (a) allows us to deduce a strengthened version of the classical result 
of Hardy-Littlewood which states that a primitive of each function / G H p , 
< p < 1, belongs to H l ~p . 
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Proposition 4. Letp, pi and P2 be positive numbers such thatp < 1 < p 2 and 



The statement in Proposition H] with H P1 in place of was proved by 

Aleman and Cima [H p. 158]. The strict inclusions ( jl.ljl and ( II. 2p show that 
their result is better when pi < 2 meanwhile the situation is another way round 
when pi > 2. 

An important ingredient in the proofs of both Theorems [T] and [3] is the 
following result on a Hormander-type maximal function 



defined for each 27r-periodic function ip(e l9 ) G L l (T) 

Theorem A. Let < p < q < oo and < a < oo swc/i t/iat pa > 1. Let /i 6e 
a positive Borel measure on D. T/ien [M((-)-)] a : / P (T) -> zs bounded 

if and only if there exists a constant C > such that p,(S(I)) < C|/| p /or a// 
JcT Moreover, 



This result follows by the well-known works by Carleson [EJ U\, and hence 
the measures /i for which fx(S(I)) < C\I\p are known as ^- Carleson measures. 
For more recent references, see either [01 Section 9.5], or the proof of [T91 
Theorem 2.1] for a similar result. Theorem |A] has been used to characterize 
so-called g-Carleson measures for Hardy spaces. Recall that, for a given Banach 
space (or a complete metric space) X of analytic functions on D, a positive 
Borel measure fi on D is called a q- Carleson measure for X if the identity 
operator Id : X — > L q (fi) is bounded. In nowadays these measures are a 
standard tool in the operator theory in spaces of analytic functions in D. 

Let us now turn back to the two remaining cases that are not covered by 
Theorems [T] and [H They are the ones in which the operator T g acts from either 
H p or P?! to T>p_ 1 . It is easy to see that, in terms of the language of the 
previous paragraph, T g : H p — > T> q q _ x is bounded if and only if \i m = \g'(z) | 9 (1 — 
\z\ 2 ) q ~ l dA(z) is a g-Carleson measure for H p . Therefore, in this case the 
symbols g that induce bounded operators get characterized by P, Theorem 9.5], 
when q > p, and [18] if q < p. Analogously, it follows that T g : T) v v _ x — > T) q q _ x 
bounded if and only if \i g q is a g-Carleson measure for T> v x . Unfortunately, 
as far as we know, the existing literature does not offer a characterization of 
these measures for the full range of parameter values in terms of a condition 
depending on /x only. It is known that they coincide with q- Carleson measures 





||[M((.)-)] 



M(gC0) 
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for H p and can therefore be described by the condition 
(1.6) sup 4^Q1 <oc, 



i"CT 



\I\l/P 



provided q > p [16, Theorem 1(a)]. This statement remains valid also in the 
diagonal case q = p, if p < 2, but fails for p > 2 [151 El] • In more general terms, 
the p-Carleson measures for V> v a are known excepting the case a = p — 1 for 
p > 2 [U [21] . This corresponds to the diagonal case q = p > 2 which interests 
us in particular. What is known with respect to this case, is that /i being a 
1-Carleson measure is a necessary but not a sufficient condition for fi to be a 
p-Carleson measure for T>^_ 1 [15], and that the more restrictive condition 



M (S(I )) 

m (log f\ 



SUP ;- < OO 

JCT ■ - - ^ " P/2 



is a sufficient condition for I d : — >■ £ p (/i) to be bounded [H]. Our next 

result shows that this best known sufficient condition can be relaxed by one 
logarithmic term. 

Theorem 5. Let 2 < p < oo, and let /i be a positive Borel measure on D. // 
1.7 sup ^ v v -nrr-. < oo, 

then fi is a p-Carleson measure for T^ p _ x . 

We will see in Proposition [121 that the statement in Theorem [5] is sharp in a 
very strong sense. 

The remaining part of the paper is organized as follows. In Section [2] we 
state and prove some preliminary results. Theorems [1] and [3] and their ex- 
pected analogues for compact operators as well as Proposition H] are proved 
in Section El In Section S] we will deal with the growth of integral means of 
functions / G p > 2, and we will prove Theorem [2J 

Before proceeding further, a word about notation to be used. We will write 
||^||(x,Y) for the norm of an operator T : X — > Y, and if no confusion arises 
with regards to X and Y, we will simply write \\T\\. Moreover, for two real- 
valued functions E\, E 2 we write E\ x E 2 or Ei < E 2 , if there exists a positive 
constant k, independent of the argument, such that ^E x < E 2 < kE x or 
Ei < kE 2 , respectively. 



2. Preliminaries 



We begin with a straightforward but useful estimate that will be used in 
proofs of Theorems [1] and [31 
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Lemma 6. Let < q,p < oo and g G H(D). If T g : —> H q is bounded, 

then 

T, \\(T>P Hi) 

(2.1) M^r,^ \7_V J , 0<r<l. 

(1 — r) p 

Proof. The functions 

1 + 7 

/l - |a| 2 \~ 
F a , Pa {z) = _'_ , < 7 < cx), a € D, 

satisfy 

(2.2) |F a , p , 7 (z)| xl, zeS(a), 

and a calculation shows that shows that 

WF^pJ^ x(l-H), a G O. 
p-i 

Since T 9 : — > i? 9 is bounded by the assumption, the well known relations 

M 00 (r, /) < M g /) (1 - r)4 and M g (r, /') < M g (li=, /) (1 - r)" 1 , valid 
for all f eH(B) (see P Chapter 5]), yield 



M q r-^,(T g (F a ^))' 
\9\a)\ = \(T 9 (F a , p , y ))'(a)\ < — ± = 



(l-|a|)i 
M g (^,T g (F a , p , 7 )) ||Ts(Foip 



(l-|a|) 1+ i (l-|a|) 1+ i 

(l-|a|) 1+ 5 (l-|a|) 
and the assertion follows. □ 

We next recall some suitable reformulations of Lipschitz spaces A(a) [9]. 

Lemma B. Let < a < 1. T/ien the following are equivalent: 

(i) g G A(a); 

(ii) M^r,^) = O ((iT^) , r -> I"; 

(hi) dp g (z) = \g'(z)\ 2 (l — \z\ 2 ) dA(z) satisfies sup ^yij^rp < oo. 

We will also need the following result [16] Theorem l(i)]. 

Theorem C. Let < p < q < oo and p be a positive Borel measure on D. 
T/ien p is a q-Carleson measure for T>^_ 1 if and only if p is a ^-Carleson 
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measure. Moreover, 



II t j A*(gC0) 



3. Integral operators from Hardy to Dirichlet type spaces X>^_ 1 

Proof of Theorem Ql It is known that T 9 : H p — >■ if p is bounded if and only 
if g G BMOA [T], and therefore (ii) and (iii) are equivalent. Moreover, since 
T> p 1 C H p for < p < 2, (ii) implies (i). To complete the proof we will 
show that g G BMOA, whenever T g : T> p _ l — > H p is bounded. To see this, 
note first that ||<7||s < ||^sll(i> p ,m) by Lemma El and thus g G B. Let now 
1 < a, (3 < oo such that (3/a = p/2 < 1, and let a' and (3' be the conjugate 
indexes of a and /3. Assume for a moment that is continuous on D. Then 
(I2.2p . Fubini's theorem and Holder's inequality yield 

|^)| 2 (i-M 2 )^) 



a a' 



S(a) 

(7 i^riw^^w ) mci 

t Vs(a)rnv(C) / 



(3.i) < l / T (j r c i^conw*)r<w(*)j mci 




(ftz)| a dA(z) MCI 



t Vr CT (C)ns(a) 



1^(^,7) Vm \\Sg(XS(a)) || °> , OG 



where 



^M(C)= / \<p(z)\'W(z)\'dA(z), (GT, 
for any bounded function cp on D. Now (^) = > 1, and hence 

fc(C)S fl (XS(a))(C) MCI 



(Q 9^ ll^(XS(a))|| £i, = SUp 

^ L ^( T ) llhll gia-l) 

L a ~P (T) 



by the duality. To estimate the right hand side, we shall write I(z) for the 
arc {( 6 T : z e r„(()} with \I(z)\ x 1 — Then Fubini's theorem, Holder's 
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inequality and Theorem |X] yield 

H0S 9 (xs(a))(()\d(\ 

l^)| 2 (l-M 2 )(^H7 / |/'(Olk/c,|)^4(: 



< / \HC)\ I \g\z)\ 2 dA(z)\dC\ 
r CT «)ns(a) 



5(a) \1 — \ z \ Jl{z) 

< ! \g'(z)\ 2 (l-\z\ 2 )M(\h\)(z)dA(z) 

JS{a) 



< I \g>(z)\ 2 (l-\z\ 2 )dA(z) 

(6.6) \JS{a) 



- V ISW(1-M 2 )^) X 



< ( / \g'(z)\ 2 (l-\z\ 2 )dA(z) 

IS(a) 



>S(a) 



J s[a) \g\z)\\l-\z\ 2 )dA{z)\ 1 -^ 

lA^V (T) 

Since any dilated function g r (z) = g(rz), < r < 1, is analytic on D (0, i). 
by replacing g by gv in (j3.lB - fl3.3n . we deduce 

|^(z)| 2 (l-|z| a )dA(z) 

5(a) 

< n^(^, m )iiif / i^)i a (i- N a )dA(z) 



(3.4) 

/ >S(a) 



\JS(a) 

La) \g' r (z)\ 2 (l-\z\ 2 )dA(z)\^-^ 



' I SU P i I 

aSB 1 — a 



We claim that there exists 7 and a constant C = C(p, 7) > such that 
(3.5) sup ||r Sr (F 0jPj7 )||^<C||T fl ||^ P (1 - |«|), a£D, 

0<r<l V P" 1 ' ; 



the proof of which is postponed for a moment. Now this combined with ( 13 ,4ft 
and Fatou's lemma yield 



I Sia) \g'(z)\ 2 (i-\z\ 2 )dA(z) || r||2 

and so g E BMOA. 



sup ^ < \\T glKK _ itHP) , 
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It remains to prove (13. 5p . To see this fix 7 > p. Recall that 



\T 9r {Fa. 



pa) Whp 



t Vrv(c) 



ry{rzmF a ^{z)\*dA{z) \dC\. 



p/2 



If \a\ < |, then 



\T 9r (F a , p , 7 )\\ p HP < (1 - \a\y +1 



r 2 \g'(rz)\ 2 dA(z)\ \d(\ 



t V^r CT (c) 



(l-|a|) 7+1 ||^-^(0)||^<(l-|a|)lk-^(0)|| 



Hp 



'i-ianiiT„mii^<a-ianiir, 



- 9 \\{v p p ^Hpy 



Let now ^ < lal < tt— ■ Then 11 — arz\ < 2|1 — az\ for all z£D, and hence 

■ — 1 1 2—r 1 1 — 1 



\Tg r (F a ^ p ^)\\ p H p < || (Tg(F ajPj j)) r . \\ p H p < \\Tg(F aiP ^) \\ L 



HP 



< IIT ll p II F \\ p 



IT ll p f1 

1 9"(P$-i,H p r 



\a\). 



In the remaining case 1^ < \a\ < 1 we have r < 2 — A < |a|. Now 7 > p, and 
hence 



|T 5r (F a )||^<M^(r,^)(l-k|) 



7+1 



dA(z) 



p/2 



, 2(7+1) 

rV(C) 1 -1? — 



Kl 



<M^(|a|,^)(l-|a|) 7+1 



7+1 



, 1 — az) p 



HP 



^{MU\a\ ig '){l-\a\)Y{l-\a\)<\\gUl-\a\) 

~ 11^3 II (©^.ffp)^ — l a D- 

By combining these three separate cases we deduce (13.51) . 



□ 



Next, we will prove Theorem [3] by using similar ideas that were employed in 
the proof of Theorem [TJ 

Proof of Theorem^ It is known that (ii) and (hi) are equivalent [TJ. Further, 
Lemma [6]and Lemma IB1 give (i)=^(iii) and (b). Moreover, if < p < 2, then 
TP x C H p and hence, in this case, (ii) implies (i). To complete the proof, 
we show that (hi) implies (i) when 2 < p < 00. Since q > 2, L 9//2 (T) can be 

identified with the dual of L^(T), that is, L q/2 (T) = (l^(T)) . Therefore, 
T g : T p _ 1 — y H q is bounded if and only if 



MO 



\f{z)\*\g'{z)\UA{z)\ Kl 



MO 



< \\h\\ « ll/IIL, 
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q 

for all h G L9 3 2(T) and / G Pp_i. To see this, we use first Fubini's theorem 
to obtain 

r h(C)(f \f(z)\ 2 \g'(z)\ 2 dA(z)) d\(\ 

< / i/wivwi 2 ( / \h«)\\d(\) dA(z) 

JO \Jl(z) J 



< 



\f(z)\ 2 M(\h\)(z)\g'(z)\ 2 (l-\z\ 2 )dA(z). 



Since |(/(z)| 2 (l — \z\ 2 ) dA(z) is a ^2 ^ — ij + 1^-Carleson measure by LemmalBl 

and 2(i — i) + 1 = (2 + p — ^)/p, we may estimate the last integral upwards 
by Holder's inequality, Theorem ICl and Theorem lAl to 



\f(z)\ 2+p -T\g'(z)\ 2 (l-\ Z \ 2 )dA( Z y 



2q 



(M(\h\)(z)) 1+ A \g'(z)\ 2 (l - \z\ 2 ) dA(z)) 



<\\.f\\lp \\h 



v P -i " " "L?=i(T)" 



These estimates give the desired inequality for all h G Li- 2 (T) and / G 
and thus T 9 : P?! — >■ i/ 9 is bounded. □ 

We now prove Proposition HI 
Proof of Proposition \4\ Let i*2 be such that = /2- Then l-^l- 2 )! = 
O (j^z\^y7plj by the assumption, and hence F 2 G A(l — by Lemma [Bl 

Now Theorem [3] implies that the integral operator Tp 2 : L) p ^_ x — >■ -f^ 1 ^ is 
bounded, and since /i G ^pj_i by the assumption, we deduce Tp 2 {f\){z) = 

fa ^2(C)/i(C) = io* /(0 rf C G -ff 1 ^, which gives the assertion. □ 

We finish this section by proving the expected versions of Theorems [I] and |3] 
for compact operators. The next auxiliary result is standard, and therefore its 
proof is omitted. 

Lemma 7. Let < p, q < 00 and g G H(B). Then the following are equivalent: 

(i) T g : V p_ 1 — )■ if 9 is compact; 

(ii) For any sequence of analytic functions {f n }^Li on D that converges 
uniformly to on compact subsets o/D and satisfies sup nGN ||/n||z> p x < 
00, we nave lim^^ ||T g (/ n )||# 9 = 0. 

Obviously the statement in this lemma remains valid if H p is replaced 
p-i- 



byD p 
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The space VMOA consists of those functions in the Hardy space H l that 
have vanishing mean oscillation on the boundary T. It is known that this space 
is the closure of polynomials in BMOA and is characterized by the condition 

r Is ia) W(z)\ 2 (l-\z\ 2 )dA(z) 

hm — — : — : = 0. 

\a\-*l- 1 — \a\ 

Theorem 8. Let < p < 2 and g G "H(D). Then the following are equivalent: 

(i) T g : T> v x — > H p is compact; 

(ii) T g : H p — > H p is compact; 
(hi) g G VMOA. 

Proof. It is known that (ii) and (iii) are equivalent by [TJ. Moreover, by bearing 
in mind Lemma [7] and (II. ip . we see that (ii) implies (i). It remains to show 
that g G VMOA, whenever T g : T>^_ 1 — > H p is compact. Since the proof of 
this implication is similar to its counterpart in the proof of Theorem (TJ we 
only show in detail those steps that are significantly different. First observe, 
that g G BMOA by Theorem [TJ Let / ajPi7 = pjgp7i , where 7 > and 
F a p 7 are those functions defined in the proof of Lemma [61 It is clear that 
ll/a,jyy||'D£_ 1 x 1 and f a , P —> 0, as \a\ — > 1~, uniformly in compact subsets 
of D. Therefore \\T g (f atPn ) \\ HP — > 0, as \a\ — > by Lemma [TJ Now, let 
1 < a, f3 < 00 such that f3/a = p/2 < 1. Arguing as in (13. II) . we deduce 

- \ [ \g'(z)\ 2 (l - \z\ 2 )dA{z) < \\T 8 (fa^)\\U\S a (X8(a)fa^)\\K 

(1 - \a\)P JS{a) LW(T) 

for all a G D. Following the reasoning in the proof of Theorem [TJ and bearing 
in mind that g G BMOA, we obtain 



J s{a) W(zmi-\z\*)dA(z) ^ (S s{a) \g'{z)\\l-\z?)dA{z)) 



f}' a' 



I \\Z ~ \\ J -g\J(hP,V\\HP 2. 

(1 — \a\)p (1 — \a\jp 



which is equivalent to 

L M \g'(z)\ 2 (l- \z\ 2 )dA(z) 

^ _ | a |^ ~ \\ 1 g\Ja,pri)\\HP- 

Therefore g G VMOA. □ 

It is known that the "little oh" analogue of Lemma IB1 is valid. This together 
with appropriate modifications in the proofs of Lemma E] and Theorem [3] give 
the next result. 

M < p < q < 00, 1 1 

are equivalent: 

(i) T g : V: p_j — > H q is compact; 

(ii) T g : H p — > H q is compact; 



Theorem 9. Let < p < q < 00, ^ — ^ < 1, and g G H(V>). The following 
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(iii) seA(i-i). 



13 



4. Growth of integral means of functions in TP x . 

In this section we will prove sharp estimates for the growth of M p (r, /) 
when / G V p p _ t and 2 < p < oo. If / G X>£_! and < p < 2, then M p (r, /) is 
uniformly bounded due to ( 11. II) . 

Lemma 10. Let 2 < p < oo and $ : [0,1) — > (l,oo) be a differentiable 
increasing unbounded function such that ^y(l — r) is decreasing. Then the 
following hold: 

(i) For any f G V p _ x , M p (rJ) = o ((log^)* - *) , r -> 1"; 

(ii) t/iere exists f G swe/i that 

(4.1) M ^/)^( 1 °gT37) 2 (^( 1 -'")) P ' 0<r<l, 
/or any fixed < g < oo . 

Part (i) is essentially known, but we include a proof for the sake of com- 
pleteness. Part (ii), apart from showing that (i) is sharp in a very strong, will 
be used to prove Theorem [2](ii) and the sharpness of Theorem [51 It is also 
worth noticing that each function 

(4.2) $ N , a (r)= (logivy^) , N G N = {1, 2, . . .}, < a < oo, 

satisfies both hypotheses on the auxiliary function $ in Lemma [10J Here, 
as usual, log n x = log(log n _ 1 x), \og l x = logx, exp n x = exp(exp n _ x x) and 
exp x x = e x . 

Proof of LemmaUU (i) First observe that [14, Theorem 1.4] yields 

(4.3) £>£_ic^ \\f\\l P >\\f\\ p Ai , feHtp), 

1 % p-i v p 

where A^ p denotes the weighted Bergman space induced by the rapidly increas- 
ing weight vz(z) = r, z G D, see [191 Section 1.2]. Therefore, 

(l- N )(lo gT ^)S 




and (i) follows. 
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(ii) Let $ be as in the lemma. Consider the lacunary series 
(44) /W-ff ^-ff^ V, 



fc=l 



where /i(r) = log $(r) is a positive function such that /i'(r)(l — r) is decreasing 
by the assumptions. By [T5J Proposition 3.2], 



< / h(r k ) - fe(r fc _i) \ 



~ P fc'(t) dt /•! h'(t) 



- $(r fc ) -y $(t) 



and thus / G 

On the other hand 

2 

h(r k ) - h(r k -i)\ p 2 k +^ 



^,/)=E( %*^ J ) 



r 



A' 



iV 



v-^ /'fe(r fc ) - /i(r fe _!)^ p 2 fc+i 



*!=i 



2 iv+i JV , rk 



(Hr N ))p k=1 \Jr k 



1 - s 



> 



2 N+1 n o\- ^ 
r N (log 2)" 



> 



fc=i 

1 



J2(ti(r k )(l-r k )y P 



(ti(r N )(l-r N ))?N 



Let r e [|, 1) be given, and choose N e N such that r N < r < r N+1 . Then 
[221 Theorem 8.20 in p. 215 Vol I] yields 

M 2 (r, /) x M 2 2 (r, /) > M*(r N , f) > \ (h'(r N )(l - r N ))l N 

>— ^tt (^(0(1-0)1 tog 



(S(r))i 



1-r/ \$ 2 (r) 

which finishes the proof. □ 
With these preparations we are ready to prove Theorem [21 
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Proof of Theorem^ (i) If T g : V v v _ x H p is bounded, then T g : H p ->■ H p is 
bounded because if p C for 2 < p < oo by (11. 2p . and hence g G BMOA. 

(ii) In this part we use ideas from the proof of [151 Theorem 2.1]. Take a 
function $ as in Lemma [TU] and let / G TP x the lacunary series associated 
to $ via (l4~4|) . By using [22l Theorem 8.25, Chap. V, Vol. I], we find two 
constants A > and 5 > such that for every r G (0, 1) the set 

(4.5) E r = {te [0,2vr] : |/(re tt )| > BM 2 (r, /)} 

has the Lebesgue measure greater than or equal to A. Let now <? be a lacunary 
series. By using [22], Lemma 6.5, Chap. V, Vol. I] we find a constant C\ > 
such that 

(4.6) I \g'(re it )\ 2 dt>C 1 AM 2 (r,g f ) = C 2 M 2 (r,g'), < r < 1, 

where C 2 = C\A. Bearing in mind the definition (14. 5p of the sets E r and using 
(14.61) . we obtain 

\\T g (f)\\H P > \\T g (f)\\m > [ \f(z)\ 2 \g'(z)\ 2 (l-\z\ 2 )dA(z) 

Jo 

> [ r(l-r) I |/(re ft )rV(re ft )| 2 d*dr 

JO J E r 

(4.7) > B 2 f r{l-r)Ml{rJ) I \g'(re u )\ 2 dtdr 



> B 2 C 2 [ r(l - r)M 2 (r, f)M 2 (r, g') dr 

Jo 

> B 2 C 2 C jf 1 r(l - r) (log ^ (|^(1 - r)) * M 2 (r, g') dr. 
Choose now $(r) = (log -^) £ , where < s < | — 1, so that 



2 



log ^- H |^4d -r)Vx flog ' 



1 — rJ \$ 2 (r) / V 1 — r 

Further, let 

OO j 

0(2;) = > — , 1 < a < 00. 

^ + 1) (log j + If 

Then clearly g <E A. Moreover, since u(r) = (1 — r) (logy^) 1 p^ 1+£ ^ is a 
so-called regular weight, we deduce 
-1 

r 2n+1 u(r) x rT l uj{\ - n~ l ), n G N, 
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by [191 Lemma 1.3 and (1.1)]. This together with (14. T[) yields 

\\T g (f) \\ 2 HP > f r(l - r) (log 1 p{1+£) M 2 2 (r, g') dr 

1 ^-i, ^ e V" f(1+£) ^ 
/'" ( 1 — /•) I log I dr 



7 + 1 



-(J + I)2(l0gj + 1) 2Q 



^ 7 + 1 



(j+l)(l-|(l+e)) 



, - a + 1) 2 (iogj + i) 2a °°' 

and finishes the proof. □ 

5. CARLESON MEASURES FOR THE DlRICHLET SPACE V V V _ X 

The statement in Theorem follows directly by (14.31) and (T^J Theorem 2.1] 
with bj = v p /2- We next show that this result is sharp in a very strong sense. 
For this purpose, the following lemma is needed. 

Lemma 11. Let 2 < p < oo, and let $ : [0, 1) — > (0, oo) be a differentiable 
increasing function such that 

$(r) 

(5.1) 4^T^ ' r ^ 1_ ' 

and 

$ IT") 6 V 

(5.2) m = — liminf — ^(l-r)log > 1 - -. 

v 7 r->i- $(r) v ' B 1 - r 2 



Then 



• (.)* <_^w , re(0ii; 



(l-») (l0gj^)' ~ (log^)'"' 

Proof. By the Bernouilli-l'Hopital theorem, 

rl (is 

bmsup 5?7i —<[m + --l) G(0,oo), 

r-J-l" — p 1 \ Z / 

and the assertion follows. □ 
If $ c (r) = (log Y^:) C and c > 0, then 

-^(l-r)log- = c, 0<r<l, 

<P c (r) 1 — r 
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and thus $ c satisfies both (15. ip and (15. 2p if c < | — 1. Further, each function 
$ n (r) = log n exp ^ (2) , nGN, satisfies 



<b' (r) f 

_2L((l-r)log- >0, r->l, 

$ n (r) 1 - r 

and hence satisfies all hypotheses of the next result. 

Proposition 12. Let 2 < p < oo, and let $ : [0, 1) — > (1, oo) fre a differentiable 
increasing unbounded function such that (1 — r) is decreasing and (15. ip and 
(15.21) are satisfied. Then there exists a positive Borel measure \i on D sttcn t/tat 

(5.3) sup — — ^ < oo, 

/cT |/|(log^) $(1-|/|) 

but \i is not a p-Carleson measure for T>^_ 1 . 
Proof. The radial measure 

, , , $(\z\)dA(z) 



:i-N)(lo gT ^ 



satisfies (15. 3ft by Lemma [HJ To see that fi is not a p- Carleson measure for 
^p_i, consider the lacunary series associated to $ via (14. 4ft . By Lemma IT0| 
/ G and 

LM 1° (l-r)(log^) p/2 
-1 r $'f r ) 



f l r$'(r) 

~ /o W rfr ~^- l0g$(t) = °' 
which finishes the proof. □ 
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